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Outline

I (semi) historical introduction to the three-colouring model

I the role of interactions: a “continuously varying” central
charge in a unitary system?

I further insight introducing colour-dependent coupling
constants

I conclusions and open questions



The model Baxter 1970

I hard constraint: no two bonds with

equal colour can meet at any vertex

I extensive degeneracy

I power-law correlations

SU(3)k=1 WZNW CFT N. Read



Experimental realisations Higgins et al. 2000, Castelnovo et al. 2004

Higgins et al. 2000 Castelnovo et al. 2004



The role of interactions Park + Huse 2001, Castelnovo et al. 2004

σi =



+1 even counter-clockwise

permutation

−1 odd counter-clockwise

permutation

E = −J
∑
〈ij〉

σiσj

I glassy dynamics (freezing into polycrystalline metastable
states) [Phys. Rev. B 69, 104529 (2004)]

I unusual critical behaviour



The role of interactions Park + Huse 2001, Castelnovo et al. 2004

J → +∞ J → −∞

I J > 0 −→ favours parallel bonds having the same colour

I J < 0 −→ favours alternating sequences of two colours
around hexagonal plaquettes



Behaviour of the central charge Castelnovo et al. 2006

I J = 0 −→ SU(3)k=1

Wess-Zumino-Novikov-Witten
conformal field theory
(central charge c = 2)

I J > 0 −→ line of critical points
ending in a first order transition
(approx. constant c and scaling
exponents)

I J < 0 −→ continuously varying
central charge?



Colour-dependent coupling constants CC+P.Pujol+J.Simmons

Kolmogorov ‘c’ theorem (for a unitary CFT) forbids
a continuously varying central charge!

new insight from colour-dependent couplings (A=red, B=blue,
C=green):

E = −
∑
〈ij〉

Jαij σiσj αij = A,B,C

I JA = JB = −∞ −→ Ising model on
the triangular lattice with nn
interaction JC

I JA = −∞, JB = JC ≡ J −→ dimer
model on the honeycomb lattice with
loop tension J Jacobsen+Alet 2009
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The JA = −∞ plane CC+P.Pujol+J.Simmons



The full phase diagram CC+P.Pujol+J.Simmons



The JA = JC plane CC+P.Pujol+J.Simmons



Conclusions and open questions

I competition between short-range interaction and
hard-constraints ⇒ wide range of critical behaviours

I new insight on how to interpret the different critical
behaviours comes from colour-dependent couplings:

I two c = 1/2 (free majoranas) merge into a c = 1 (free boson)

I three c = 1/2 (free majoranas) merge into a c = 3/2
as if they were independent (!) [supersymmetric point?]

I two c = 1 (free bosons) merge into a c = 2 (free boson)

I three c = 1 (free bosons) merge into c ∈ (3/2, 2)

the paradox of the “continuously
varying” central charge remains unsolved


