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Introduction tos-ensemble

What do we mean by a trajectory? It depends on the system of
interest.

1 Classically- stochastic process de�ned by Markovian master
equation! Set of con�gurations visited de�nes trajectory.

2 Open Quantum Systems! time-record of a measured
quantity, e.g. photons emitted into the environment.

Now instead of considering ensembles of con�gurations we consider
ensembles of these trajectories! Thermodynamic formalism
known as thes-ensemble.
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Introduction tos-ensemble

In essence these are the main points of this formalism:

Examine the statistical mechanics oftrajectories �!
Large-Deviation Methods 1.

Consider ensemble oftemporal trajectories rather than
con�gurations, s-parameterbiases trajectories.

Very powerful tool in study ofdynamical or space-time
phase transitions in glasses2.

Form of Full Counting Statistics with a thermodynamic
interpretation.

We will illustrate this formalism by examining the casephoton
counting .

1Touchette,Phys. Rep. 2008
2Hedges, Jack, Garrahan, Chandler, Science, 323, 1309 (2009)
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Prob[K jumps in time t]= Tr
�
� K (t )

�
� e� t � (K =t )

MGF,Zs (t ) � Tr (
P

K e� sK � K (t )) � et � (s)

LD functions are analogues of well known equilibrium statististical
physics quantities :
� $ \free-energy density",� $ ``entropy density" , t$ volume.
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FCS in closed quantum system
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FCS in closed quantum system

We now to extend this idea of thes-ensemble to a closed system.
But what is a trajectory in this case?

Previously examined examined expectation characteristic
operator of time-integrated quantity to obtainZs(t ) . De�ne
our closed systems-ensemble in this way.

Examine moments3 of K̂ �
Rt

0 dt 0̂k(t 0): Herek̂(t ) = Uy
t k̂Ut is

a Heisenberg operator.

Perturb Hamiltonian:̂H ! Ĥ � is
2 k̂ = Ĥs.

Creates Non-Unitary Evolution operator:Ts(t ) � e� it Ĥs.

MGF: Zs(t ) � h T y
t (s)T t (s)i

Long-time limit

� (s) � limt !1
1
t Zs(t ).
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1d Quantum Ising and Observable of Interest

We now apply it this formalism to a 1d Quantum Ising model in a
transverse �eld with periodic boundary conditions:
Ĥ(� ) = �

P N
i =1 � z

i � z
i +1 � �

P N
i =1 � x

i

We examine time-integrals of the magnetisation:k̂ =
P N

i � x
i .
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1d Quantum Ising and Observable of Interest

We now apply it this formalism to a 1d Quantum Ising model in a
transverse �eld with periodic boundary conditions:
Ĥ(� ) = �

P N
i =1 � z

i � z
i +1 � �

P N
i =1 � x

i

We examine time-integrals of the magnetisation:k̂ =
P N

i � x
i .

1 DiagonaliseĤs obtain complex energy spectrum

� k (s) = 2

r

(� +
is
2

� cosk)2 + sin2 k .

2 EvaluateZs(t ) using vacuum ofĤ as initial state : j0i .

Free Energy

� (s) = 2
P

k> 0 jI m � k (s)j

Singularities:~� (s) = limN!1
� (s)
N
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FCS/Dynamical Phases

2nd derivative of~� (s) diverges at continuous phase transition
line.
Phase transition line obeys equation� 2 + ( s

2)2 = 1.
Spectrum ofĤs connects smoothly tôH.
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Probability of no \jumps"-Open System

_� (t ) = � i [Ĥ; � (t )] + L� (t )Ly �
1
2

f LyL; � (t )g:
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s
2

f k̂; � (t )g:

James M. Hickey { University of Nottingham Open Stat Phys - Criticality in FCS



Probability of no \jumps"-Open System

The MGFZs(t ) may be related to an equivalent open 1d Quantum
Ising model. Master equation de�ned bŷHs:

_� (t ) = � i [Ĥ; � (t )] �
s
2

f k̂; � (t )g:

So Zs(t ) is directly related to an open system and is a measure of
the probability of no jumps have occurred in a time t,P0(t ).

k̂ and open system
P

i Ly
i Li = sk̂

We choose:̂k =
P N

i (� x
i + 1) and Li =

p
2s j�i i i h+ j(raising and

lowering projectors in� x -basis). This meanss is the decay rate of
this related open system.
We now ask how many spins,N, and how longt does one need to
see any signatures of our dynamical phase diagram?
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Brief Overview-Cold ion digital simulation
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Brief Overview-Cold ion digital simulation

Trotter decomposition:
Q N

k=1 e� i � z
k � z

k+1 � t Q N
j =1 e� i �� x

j � t .

Recent experiments using trapped ultra-cold ions.

Simulate Hamiltonian operations using local gates and Trotter
decomposition.

Use ancilla ion to simulate open systems4.

4M•uller, M. et al. New J. Phys. 13, 085007 (2011)
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Finite Time Results

Digital simulation agrees with theory when dimensionless time
step made small.
Initialising in j�i state increasesP0(t ) signi�cantly.
Even with larger time step one may see distinct features of the
phase transition for smallN and t .
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Conclusions

s-ensemble form of FCS allows one to study the
thermodynamics of trajectories.

These trajectory phase diagrams are often very rich and
capture critical features of the full distribution of the
observable of interest.

Extended this idea to time-integrated observables in closed
quantum systems.

Application to 1d Quantum Ising model reveals a continuum
of dynamical quantum phase transitions where the static
transitions are at the ends of this line.

This phase structure is evident in the waiting time distribution
of an associated open problem and simulations of cold ion
experiments reveal that signatures should be visible for short
times and a small number of ions.
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Singularities and Dynamics

1 Darboux's theorem implies these singularities determines = 0
cumulant behaviour.

2 Ratio of magnitudes and temporal properties can only be
explained in terms of these singularities as correlation length
in ground state the same.
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