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Introduction

Motivation

Working with bioinformatics colleagues, it was observed that
there is the need for precise approaches to quantify topological
properties of large networks.

Aim is to develop rigorous and precise tools which can be
applied to studying real biological networks.
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Introduction

Abstracting a network

A network will be represented as a matrix c.

Cij:()orl.

(]

Undirected network := symmetric matrix.

(]

Directed network := unsymmetric matrix.
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Introduction

e Degrees or degree pairs - k; or k; = (kin, k9ut)) - are for

each node ¢ drawn independently from a specified (joint)
degree distribution p(k) (or p(k)).
e The average connectivity of the network =: k.

@ The degree-degree correlation is expressed via
W(k,k') = (Nk)~* > ij CijOk ki Ok Js; or an analogous
expression for the directed case.

o (k) = e *k¥ /k! (Poisson)

e W(k) is the marginal of W (k, k')
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Introduction

Defining the problem

The aim is to calculate the Shannon Entropy
S =-N"13".p(c)logp(c) of random graph ensemble defined
via tailored topological constraints.
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Introduction

Defining the problem

The aim is to calculate the Shannon Entropy
S =-N"13".p(c)logp(c) of random graph ensemble defined
via tailored topological constraints.

Additionally, these methods are applied in order to calculate a

Kullback-Leibler distance between two ensembles A and B.

Dup= 3¢ {p(c‘pA’QA) log [%]

+p(clpp, @B) log [%} }
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Previous results: undirected networks

Results from Annibale et. al.

Complexities of constrained random undirected graph
ensembles.

Solk] = sk[log(N/k) +1]
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Previous results: undirected networks

Results from Annibale et. al.

Complexities of constrained random undirected graph

ensembles.
Solk] = %E[log(N/E) +1]
Cacslp] = > p(k) log | 2]
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Previous results: undirected networks

Results from Annibale et. al.

Complexities of constrained random undirected graph

ensembles.
Solk] = %E[log(N/E) +1]
Cacslp] = > p(k) log | 2]

Coirlp, W] = 5k Y4 0 W(k, K) log [%}
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Previous results: undirected networks

Results from Annibale et. al.

Kullback-Leibler distances between constrained ensembles of
undirected random graphs.

e k k
DYE | A ipatk)log [ + 55, pu(k) log |22 ]+
+ -
Dy ika > kg Walk, k') log g;%i%
4B S Wk, K) log | (A3 | +
—I_. —_— —_
DR | 3ka >, Wa(k)log pap(k) + 5k >, Wa(k)log ppa(k)
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New results: directed networks
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New results: directed networks

T IT: %, o) L
p(c|k1k]\/) = %, Z(kl]{f]v): 6»‘ﬂ
Z(k1. .. k) XC:H Fiki(e)

Manipulate the expression for Shannon entropy to show that
the key term involves the logarithm of the associated partition
function
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New results: directed networks

1T 0% 7o) -

p(c|E1EN) = = = Z(klEN): 6»‘ﬂ
Z(ky. .. ky) XC:H Fifi(c)

Manipulate the expression for Shannon entropy to show that
the key term involves the logarithm of the associated partition
function

This expression is more tractable when we transform

Z (El .. /;N) into an average involving an alternative measure.

e = T [ (1Yo

ij
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New results: directed networks

o 11, 0; Lo
plelfr . Fy) = LB RO ) =S T 6 ke
(k}lkN) Cc 1 7

Manipulate the expression for Shannon entropy to show that
the key term involves the logarithm of the associated partition
function

This expression is more tractable when we transform

Z (El .. /;N) into an average involving an alternative measure.

e = T [ (1Yo

]

1
S = NAZ [Hp( }logH%k(c) ZP 10gp
k. 3

1Ry

+(k) [log(N/(k)) + ]+6N
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New results: directed networks

Using Fourier representations of the Kronecker deltas and some
straightforward manipulations brings us to

cb:% Z[ )] o / H d“’zdl/“ el T] 1o, 4p)

L(w,v) = exp [EN<NZ e_iw") (NZ e_iwf) — kN + O(NO)}
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New results: directed networks

A path integral form is achieved by manipulating ¢ functions in
order to isolate the site specific terms.

(k™™ kout)) :% 3 p(K™ k") log / {dP(w)dP(w) HdQ()dQ(v) }eY

(kin’kout)
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New results: directed networks

A path integral form is achieved by manipulating ¢ functions in
order to isolate the site specific terms.

(0 ) = £ 37 plI k) log (AP ()P () HIQUIQ())e

(kln kout)

VP, P,Q,Q) = Y p(k™)log / ek P

kln
+ 3 p(k™)log / O vk =G
knut
+i [ dwP(w)P(w) + i 1 dyQ($)Q(v)

+ / i dedp P(w)Q () k(e @)y — E 4+ O(N™Y)
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New results: directed networks

Final form of the directed result: complexity

Solk] = F[log(N/E) + 1]
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New results: directed networks

Final form of the directed result: complexity

Solk] = F[log(N/E) + 1]

CacslP] = 5 p(k) log | b s |
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New results: directed networks

Final form of the directed result: complexity

Solk] = F[log(N/E) + 1]

CacslP] = 5 p(k) log | b s |
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New results: directed networks

Final form of the directed result: distance

DY | 5 X ppalk)log [pA(k)} + 15 pp(k)log [pB(k)}

pu(k) pa(k)
+ +
WiI’ 7. P H EJ;/
D | $ESep Wi )os [LEE)
- - g (kK
R )
_l’_

- = - —

DRy | ska X Walk,K)loglpap(k)oap (k)]

— - —

+3kp Yr o Wa(k, k') loglppa(k)opa(K))
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New results: directed networks

Final form of the directed result: distance

DY | 5 X ppalk)log [pA(k)} + 15 pp(k)log [pB(k)}

pu(k) pa(k)
+ +
WiI’ 7. P H EJ;/
D | $ESep Wi )os [LEE)
- - g (kK
R )
_l’_

- = - —

DRy | ska X Walk,K)loglpap(k)oap (k)]

— - —

+3kp Yr o Wa(k, k') loglppa(k)opa(K))
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New results: directed networks

Self consistency relation to be satisfied by the

interference term

pap(k) = > Tp(k, K )Woa(K)of(K)
k!

oap(k) = D Tp(K,k)Wia(K)psp(K)
k!
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Applications

efining gene regulation networks in term of their
Defi lat t ! t f tl

observed topological features

1
Strictel

Harbi

crit

Hughes et al. data
son et aI data
ria to fm @ —1 er criteri - ij=1 -
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Applications

Defining gene regulation networks in term of their
observed topological features

Break down of what each bar on the graphic represents

[Entropy per bond associated with average degree |

I Degreee Complexity
& Wiring Complexity

Entropy per bond associated
with constraint = avg deg
AND deg distrib. AND
degree-degree correlation
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Applications

efining gene regulation networks in term of their
Defi lat t ! t f tl

observed topological features

1
Strictel

Harbi

crit

Hughes et al. data
son et aI data
ria to fm @ —1 er criteri - ij=1 -
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Conclusions

Summary

What has been achieved is:
e Exact and explicit formulae for the leading orders in the
system size of
e Shannon entropies and complexities of these ensembles
o Information-theoretic distances
o for random graph ensembles constrained by a prescribed
degree distribution and a prescribed degree degree
correlation.
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Conclusions

Summary

What has been achieved is:
e Exact and explicit formulae for the leading orders in the
system size of
e Shannon entropies and complexities of these ensembles
o Information-theoretic distances
o for random graph ensembles constrained by a prescribed
degree distribution and a prescribed degree degree
correlation.

o Software implementation and initial applications to gene
regulation data, in order to present the result as a
bioinformatics tool, promoting cross-disciplinary research
and dialogue.
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Conclusions

Next steps

o Extending the range of properties that can be analysed

o Generalised degrees
e Loops

o Finding interesting ways in which to apply the tools
developed to real biological problems
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